In this paper the efficiency of the method of Least Squares Harmonic Estimation (LS-HE) for detecting the main tidal frequencies is investigated. Using this method, the tidal spectrum of the sea level data is evaluated at two tidal stations: Bandar Abbas in south of Iran and Workington on the eastern coast of the UK. The amplitudes of the tidal constituents at these two tidal stations are not the same. Moreover, in contrary to the Workington station, the Bandar Abbas tidal record is not an equispaced time series. Therefore, the analysis of the hourly tidal observations in Bandar Abbas and Workington can provide a reasonable insight into the efficiency of this method for analyzing the frequency content of tidal time series. Furthermore, applying the method of Fourier transform to the Workington tidal record provides an independent source of information for evaluating the tidal spectrum proposed by the LS-HE method. According to the obtained results, the spectrums of these two tidal records contain the components with the maximum amplitudes among the expected ones in this time span and some new frequencies in the list of known constituents. In addition, in terms of frequencies with maximum amplitude; the power spectrums derived from two aforementioned methods are the same. These results demonstrate the ability of LS-HE for identifying the frequencies with maximum amplitude in both tidal records.
Introduction
Analyzing the frequency content of the coordinate time series in an active tectonic region is now an accepted method for understanding the kinematics of deformation (Ghil and Taricco 1997) . The applied methods normally assume the input as a periodic time series. The efficiency of these methods can be practically evaluated through their application to a periodic time series like tidal records whose frequency content has been already established. LeastSquares Harmonic Estimation (LS-HE) is one of the existing methods that has been recently developed by Amiri-Simkooei (2007) . This paper intends to investigate the efficiency of LS-HE in detecting the frequency content of a periodic time series. The ocean tide has been used for this purpose. * E-mail: r_mousavian@yahoo.com The ocean tide is the periodic variation of sea level due to the tidal acceleration produced by celestial bodies (Epler 2010) . For a spherically symmetric Earth the tidal acceleration is the difference between the Earth orbital acceleration which is caused by the attraction of the celestial body at the Earth's center of mass and that at the point of observation (Agnew 2007) . In potential theory the tidal acceleration is expressed in terms of tidal potential.
If M is the mass of the external body, the gravitational potential, V, from it at the origin O using the cosine rule from trigonometry, is computed from the following equation (Agnew 2007 , Vanicek 1987 :
The variables are as shown in Fig. 1 : a is the distance of O from C, ρ the distance from O to M, and α the angular distance between Figure 1 . Tidal forcing. On the left is the geometry of the problem for computing the tidal force at a point O on the Earth, given an external body M. The right plot shows the field of forces (accelerations) for the actual Earth-Moon separation (Agnew, 2007) .
O and the sub-body point of M. The rst and the second terms in Eq.
(1) are the Moon's gravitational and orbital potentials at point O respectively. Using the Legendre generating-function (in the rst term) and the Legendre functions of degree zero and one (in the second term) yields
Variations of the parameters R and α in Eq. (2) show that the tidal potentials generated by the celestial bodies are not the same. Moreover, the tidal potential is not constant throughout the Earth and includes a number of periodic frequencies (Epler 2010) . Extensive computations of the tidal potential and its harmonic decomposition has been done in order to achieve more precision in analyzing the tidal data [for example Darwin 1907 , Doodson 1921 , Cartwright and Tayler 1971 , Kudryavtsev 2004 . Among those who have worked on the tide, results given by Kudryavtsev provide the spectrum of the tide in more details (Kudryavtsev 2004) . According to this research, 27000 frequencies are required for accurate modeling of the tidal signal whose amplitudes are mostly small. The tidal frequencies can be generally classi ed into four groups: (a) semi diurnal, (b) diurnal, (c) long period and (d) short period ones. Tables 1 through 4 provide some of these frequencies based on the naming system proposed by Darwin (Darwin 1907 , Wahr 1995 House, 1995) . Figure 2 compares the amplitudes of the diurnal and semi-diurnal components computed by Hartman and Wenzel (1995) . In this gure Darwin's symbols are used for the larger harmonics. The larger amplitude of the semidiurnal component of the moon (M 2 ) is remarkable in these results.
In this paper, the efficiency of the Least Squares Harmonic Estimation (LS-HE) for detecting the main frequencies in the tidal spectrum is analyzed. The next section of this paper discusses the theoretical background of this method. Using this method, the tidal spectrum of the sea level data is evaluated at two tidal stations:
Bandar Abbas in south of Iran and Workington on the eastern coast Figure 2. Normalized amplitudes of the detected frequencies in tidal spectrum (Hartman and Wenzel, 1995) .
been developed for this purpose. This section of the paper also reports on the corresponding results.
Least Squares Harmonic Estimation (LS-HE)
The least squares harmonic estimation (LS-HE) is a method which was rst introduced and applied to GPS position time series by Amiri-Simkooei (see Amiri-Simkooei 2007 and Amiri-Simkooei et al. 2007 ). The method is based on the application of harmonic functions for modeling the periodic constituents of a phenomenon.
As a generalization of the Fourier spectral analysis, the method is neither limited to evenly spaced data nor to integer frequen- 
Or in matrix notation:
In these equations, y 0 is the zero frequency component of the time series, r is linear rate, a k and b k are amplitudes of sine and cosine components corresponding to the frequency ω k and t i for i = 1, 2, . . . , m are observation epochs. The two column matrix A contains the coefficients of the linear regression part of the model, whereas the two column matrices A k are constructed by the corresponding coefficients for the trigonometric components of frequencies ω k : To apply the Least Squares Harmonic Estimation, the unknown frequencies ω 1 , ω 2 , ...ω q are rstly determined. This is done recursively through q statistical hypotheses below in which i runs from 1 to q (Amiri-Simkooei, 2007) :
Evaluation of this hypothesis test consists of the two steps (AmiriSimkooei, 2007): (a) solving the following minimization problem in order to detect the existing frequency ω i ω i = arg min
where .
2 
Eq. (7a) can be re-written in following form in whichê
y is the least squares residuals under null hypothesis:
The analytical 
In Eq. (9),
a is the a-posteriori variance under alternative hypothesis which is computed by the following equation:σ 
A frequency whose statistic satis es the inequality T 2 > ξ F(2,m−n−2i) , where ξ F(2,m−n−2i) is the corresponding critical value of the central Fisher distribution, is taken as an acceptable frequency.
If σ were known, the applied statistic T 2 and the distribution function would change. In this case, the test statistic has a central chisquare distribution with two degrees of freedom (Amiri-Simkooei and Asgari 2012), that is:
The computational step is evaluated using the following recursive relation (Amiri-Simkooei and Tiberius 2007):
The iteration starts from the Nyquist frequency ω 1 = 2π
and covers the total observation time span (T j ). T 1 is twice as large as the sampling time span. Reducing the coefficient α in Eq. (13) 
Analysis of simulated data sets
To simplify the procedure of checking the developed computer codes, two time series that only contain white noise are simulated. A set of known frequencies with pre-de ned amplitudes are used for this purpose. The rst time series includes the three angular frequencies: 30, 40 and 120 degrees which are equivalent to 12, 9 and 3 sampling rate.
Similar amplitudes are used for these constituents in simulating the time series. In contrary to the rst series, the amplitudes of the constituents in the second time series are not the same. Moreover, the second series includes six frequencies. The corresponding details of this series are given in Table 5 . The data length in both of the two time series is 400 sampling rate. Figure 4 and Fig. 5 show the power spectrums of the rst and the second time series above. In these gures, the horizontal axes are the angular frequencies (in degrees) and the vertical axes illustrate the corresponding power spectrum for every frequency. Maximum power spectra for the rst series exactly occur at the expected frequencies 3, 9 and 12. Moreover, using the con dence level of 99 percent, the signi cance of these frequencies is approved by the method of LS-HE. In contrary to the rst series, maximum power spectra in the second one occur in only four frequencies of the six mentioned above (see Fig. 5 ). Using a similar con dence level, the statistical test in LS-HE only con rms the existence of these fre- quencies in the time series. It is interesting to note that the four detected frequencies are those whose amplitudes are much larger than the others (see Table 5 ) and therefore have a greater contribution in reconstructing the signal. The simulation results given above illustrate that the method of LS-HE is sensitive to the amplitudes of the frequencies which construct a periodic signal.
Although the dependency of LS-HE to the length of data is clear via the degree of freedom used in the statistic of its hypothesis test, the contribution of the data length in the efficiency of this method for detecting the frequencies with smaller power spectra as compared to the other frequencies is also analyzed. For this purpose, the length of data in the simulated second time series has been recursively increased from 400 to 6000 sampling rate. As a result, all of the 6 frequencies are detected. This result demonstrates the signi cant role of the length of data in accurate reconstruction of the functional model for a periodic time series through detecting its frequencies. Figure 6 illustrates the power spectrum of this time series. Horizontal and vertical axes in this gure are the same as those in Fig. 4 and Fig. 5 .
Analysis of Bandar Abbas tidal records
To investigate the tidal constituents of the Bandar Abbas tidal records, the power spectrum of this time series is rstly constructed using the method discussed above. The corresponding parts for the short period, diurnal and semidiurnal tidal components of the constructed spectrum are shown in Fig. 7 . The horizontal and vertical axes of this gure are time span or period and the power spectra for every frequency respectively.
As it is expected, the power spectra of the semidiurnal components are much larger than the others (compare Fig. 7b to Fig. 7a and Fig. 7c ). The small spectral values for the short period components illustrate their small contribution in constructing the signal as compared to the other components. Table 6 provides the constituents whose frequencies have been approved by the LS-HE method. The adopted con dence level is 99 percent.
The last column of this table gives the equivalent tidal constituents based on Darwin's naming system. According to the Rayleigh criterion (Abolghasem 1994) and research made by others, for example see (Epler 2010 , Darwin 1907 , Doodson 1921 , Foreman 1977 , many of the expected frequencies are not seen in this table (see appendix A for further details). Referring to appendix A, the constituents given in Table 6 are the components with larger amplitudes among the others. Moreover, some constituents are seen in Table 6 which have no equivalent name in the Darwin's naming system. Therefore, they have not been given any name in this table.
Analysis of Workington tidal records
The power spectrum of the Workington equispaced tidal time series has been estimated using both the LS-HE and Fourier Transform methods. The probability for the commitment of the type I error has been taken as 1% again. The accepted frequencies in the statistical test of LS-HE and their estimated amplitudes are given in there are some constituents which have no equivalent name in the Darwin's naming system. These constituents are seen in Table 7 .
The computed power spectrum has been illustrated in Fig. 8 to Fig. 11 . The LS-HE method has been used for this purpose. The horizontal and vertical axes in these gures are similar to those in Fig. 7 . Figure 8 demonstrates short period components corresponding to shallow water effects: Figure 8a illustrates the components whose frequencies range from 3 to 4.5 hours, Figure 8b illustrates the components whose frequencies range from 6 to 7 hours and nally Fig. 8c illustrates the components whose frequencies range from 8 to 9 hours. As it is seen in these gures, the power spectrum of the constituent whose frequency is 6.21 hours is the largest compared to the others. This constituent is the only shallow water component which is approved by the LS-HE method. Figure 9 illustrates the semidiurnal components in the tidal power spectrum of the desired time series. As is expected, the power spectra of the semidiurnal components are much larger than the other constituents.
The power spectrum for the detected diurnal components of the desired time series is shown in Fig. 10 . Again as is expected, the comparison of this gure with former ones illustrates that the power spectrum of the diurnal components are larger than those of the short period constituents and are much smaller than the power spectrum of the main semidiurnal components such as M 2 . Figure 11 illustrates the power spectrum for frequencies in the range of long period components. Peaks around the long period components such as 14 days can be seen in this gure. Nevertheless, the LS-HE method does not approve any constituent with a frequency in the long period range (see Table 4 and Table 7 ). As is expected again, the comparison of this gure with the former ones illustrates that the power spectrum of the long period components are smaller than those of the other constituents which have The power spectrum of the Workington tidal data has been also computed using the method of Fourier Transform. Similar time spans are used in every gure in order to compare this spectrum to the power spectrum computed by the LS-HE method. Figure 12 to Fig. 15 show the obtained results. The horizontal and vertical axes in these gures are as before.
The corresponding short period components are shown in Fig. 12 . Figure 8 should be used in order to compare the power spectrum proposed by the LS-HE with this result. It is seen in Fig. 12b that the maximum power spectrum for the existing short period constituents in these tidal records is a component with frequency 6.211 hours, see the bullet in Fig. 12b .
The semidiurnal and diurnal parts of the computed power spectrum are shown in Fig. 13 and Fig. 14 respectively. Similar to Figure 15 . Power spectrum obtained from Fourier transform -long period components. Fig. 12b , bullets are used in order to distinguish the tidal constituents with maximal power spectra from the others. Again, it is easily seen that these constituents are those that have been already approved by the LS-HE method (see Fig. 9 and Fig. 10 ).
The long period part of the computed power spectrum is shown in Fig. 15 . As it can be seen, the power spectrums of these constituents are much smaller than the power spectrum of diurnal and semidiurnal components.
Conclusion
In this paper least squares harmonic estimation is used for analyzing the frequency content in both real tidal records and simulated time series. The applications of this method to simulated time series shows that the periodic constituents proposed by this method depend on two parameters: amplitudes of the frequencies and the data length. Components with small amplitudes cannot be detected through the hypothesis test of this method unless the length of the data record is sufficiently large. This is con rmed by the real tidal records.
Applications of this method to the tidal data in this research, results in constituents whose frequencies are close to the main tidal constituents have been already reported in the similar works which have been done others.
Although the LS-HE and Fourier power spectrums are not exactly the same, the power spectrum computed by the Fourier Transform includes the frequencies which have been detected by the least squares harmonic estimation technique. Moreover, the power spectra of these frequencies are also maximized in the Fourier method. This is an independent approach for validating the frequency content which is proposed by the least square harmonic estimation technique.
The LS-HE method can tolerate limited gaps in the data; it can also detect the main components in a periodic time series automatically. These two items are the main advantages of this method to the other existing techniques. 
